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BY
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1. Introduction. The problem of defining an operator f(4) when fis a func-
tion of a complex variable and 4 is an operator on a Banach space, and study-
ing its dependence on f and A4, has been approached in many different ways.
E. Hille [8] has developed such a functional calculus by using Laplace inte-
grals. The central idea is this: First one solves the problem for the functions
of X given by €*t, t=0. That is, a meaning is attached to Pt=¢e4* for a class
of operators 4. Let f be a function which is representable as f(\) = F(e*?),
where F is some linear functional defined on a domain of functions of ¢, £ =0.
Then if a meaning can be attached to F(P?) this is taken as the definition
of f(4). In the case studied by Hille, F is a finite measure. Here we shall
study the situation when F is a finite combination of measures and differ-
entiations—a distribution in the sense of Laurent Schwartz [11](}).

The larger class of functions obtained in this way includes the square root
function. An application is made to the problem of square roots in Banach
algebras. We also study from the point of view of this functional calculus the
semigroups Q¢ which R. S. Phillips [10] obtained from a given semigroup P!
by integrating with respect to a convolution semigroup of probability meas-
ures on [0, «). If the transformations P! are associated with a Markoff
process then the Q! are associated with another Markoff process which is
subordinate to the original process in the sense of Bochner [3]. We obtain a
characterization of the sample functions of the subordinate process in terms
of the original process. This is exemplified in the case of the Markoff proc-
esses associated with the stable distribution functions (cf. [2] and [6]), par-
ticularly the Cauchy process, which are subordinate to the Brownian motion
process.

2. A space of functionals and their Laplace transforms. Let p be a positive
measurable function of ¢, 0=¢{< «, such that p(t+s) Zp(t)p(s). In the ap-
plications, p will be of the form p(¢) =|[P‘H for some semigroup of operators
Pt. We shall assume that w, is such that for each w>w, there is an A for
which

(1) p(t) £ Me, 0=51< oo,
Let C(p) be the vector space of functions ¢ on [0, «) with # continuous
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derivatives on [0, «) such that I¢(*)(t)| =Cp(¢) for some Cand =0, - - -, n.
Let §"(p) be the space of all linear functionals F on C*(p) of the form

n di
2 F = r
(2) g”dz‘

where the u; are complex measures such that f0°p(t)d|u.-| B <o,1=0,: - -, n
That is

) F@) = 3 [ 600duto).

Notice that the u; need not be uniquely determined. If f(,'p(t)dly] )<,
then the functional wu(¢) =[5 ¢(t)du(t) is in F°(p). The spaces F*(p) form an
increasing sequence. We denote their union by §(p).

A special case is that in which p(¢)=1, 0=<t< «. In the terminology of
L. Schwartz [11, Chapter VI], §(1) is the subset of the space of distributions
in D having support on the right half axis. This follows from [11, Chapter
VI, Theorem XXV ]. However, this fact will not be used in the following.

If Fisin §*(p) and G is in F"(p) then H defined by

4 H(¢) = Fi(Guo(t + 9))), ¢ € Crt(p)

(where a subscript on the symbol for a functional indicates that the integra-
tion in (3) is with respect to that variable) is readily seen to be in F*tm(p).
In fact, if F= Y r o ui(di/dti), G= Z}'Lo v;(d7/dt), then it is easily verified
that H= Y 2™ p,(d*/d¢*), where p;= D irjk i+ v;. Here pxv, the convolu-
tion of u and », denotes the measure such that

u d;l. *y\u) = + S dﬂ dv .
Then

fo " pd| pe| ()

IIA

> Lwﬁwp(t+s)dlnal(t)dlvjl(s)

i+i=k
. ® ¢ d| ui d v, < o,
W{Sk fo fo pOp()d| pi| ()] v;| (5)

The functional H is called the convolution of F and G, H=F xG. Thus §(p)
is closed under convolution.
If Fisin §(p) we call

©) FQ\) = Fi(e), Re(d) <w

I\

the Laplace transform of F. The definition (5) will be more convenient than
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the usual one in which X is replaced by —\. By (1) and (2), F is holo-
morphic in Re(A) <wy.

The class of Laplace transforms of functionals in §(p) will be called
&(p). Since F(p) is closed under convolution, F(p) is closed under multiplica-
tion, since

(F+G)"(\) = Fu(Gu+9)) = Fy(e(Gi(e)) = Fu(8)Gu(e) = FNGO).
Notice also that by (2),

(6) FOo = 2| NeMdudt) = 20 NE().

=0v0 =0
Therefore %(p) is the algebra generated by the polynomials and the Laplace
transforms of measures in F°(p).

Let »; be a sequence of positive measures on [0, «) such that dy;(s)
—¢,(s)ds where the ¢, have n continuous derivatives on (— «, «) (so that
¥2(0)=0,i=0, - - -, n), [0, 1/j]=;[0, =) =1. Let F= Zt=o# (d*/dt?) be
in ™ (p). Then for all ¢ in C*(p),

Favy(o) = f f 6D + $)dus(p()ds
) =
=3 0 [ Tet+ 9w (s

on integration by parts. Thus Fx»; is in §°(p). By the well-known uniqueness
theorem for the Laplace transform of measures (cf. [8]), F+v;=0if (F*»,)~(\)
=F\)7;,(\) =0, Re(\) <wo, and so F+y;=0if F=0. Now lim; F+v;(¢) = F(¢)
for ¢ in C"(p), since v; is a probability measure with support contained in
[0, 1/7]. Therefore, if F=0, then Fxv;=0 and so F=0. Thus for all F in
F(p), F=0 if and only if F=0.

3. Strongly continuous semigroups and their infinitesimal generators. By
a strongly continuous semigroup we shall mean a family of bounded operators
Pt 0=t< =, on a Banach space X such that P'Ps=P!ts, P’=1, and P'x—x
as t—0 for all x in X. The infinitesimal generator A of P! is the operator defined
by

Ax = lim ~(Plx — x)
t—0

on the domain D(4) of all x for which the limit exists. We recall the following
facts from the theory of semigroups (proofs are in [8]):
The operator 4 is closed and densely defined. The limit

wo = lim 7! log “P‘H
t—w
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exists, and for any w>wo, ||PY| < Me*t for some M. If Re(\)>wo, then the
resolvent R(\; A) =(N—A)"! exists and

(8) R(\; A)x =f e MPlxdt, xEX.
0

(The integral in (8) and all strong integrals appearing in this paper are Boch-
ner integrals, as in [8].) The domain D(4") of A" is dense for all # and

n

9 Pix = PtA"x = A"Plx, x € D(A™).

dtr

4. The functional calculus. Let A be the infinitesimal generator of the
contraction semigroup P¢, let p(¢) =”P‘”, let f be the Laplace transform of a
functional F in §*(p) but not F*~1(p), and let the u,;, =0, - - -, n, be the
measures in a representation (2) of F. Let

(10) f(Ad)x = Ef PtAixdu(l), x & D(Am).
=0 0

This is independent of the choice of the u;, since for all y in the dual space

X* we have by (9) that

(f(A)xa 3’) = Ft(Ptx, y)

so that f(4)x, x&D(A"), depends only on F. Since we showed at the end
of §2 that F is uniquely determined by its Laplace transform f, f(4)x is
well-defined for all x&€D(A4"). We want to show that f(4) on D(4") has a
closure.

LeEMMA 1. If A is an operator on a Banach space X with a nonempty re-
solvent set and if the B;, 1=0, - - -, n are bounded operators, then the operator
C=>", AB; has a closure.

Proof. Let B/ = > 7, Ci; NiB;. Let C'= Y .o (A—\)iB}. Then if x is
in the domain of C, it follows that for ¢=j, Bix€ED(A¥)CD(A47) and B/x
&D((A—N)?), so that x is in the domain of C’. By the binomial theorem,
C'x=Cx. Thus C'DC. (It is easily seen that C’=C, but we do not need
this.)

Now choose N in the resolvent set of 4, so that (4 —\)~! is a bounded
operator defined on all of X. Let «x; be in the domain of C with x,—0, Cx;—x.
We wish to show that x = 0. Since C'x; —» x and (4 — N)™ is bounded,
(4 —=N)"C'%—(A4 =N)""x. But (A—=N)"C'= "o (A—N)""+B] is also
bounded. Since x;—0, (4—N)""C'x;—0, and 0=(4 —\)""x. Therefore
0=(4—-N)"(4 —N)x=x. It follows by linearity that if x;—y, x/ —y, Cx;—z,
Cx/—z' then z=2', so that we may define Cy =z whenever x;,—y and Cx;—z,
obtaining a well-defined closed extension C of C.
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In the case under consideration, we may define By = [; Pxdu(t) so that
by (10) and (9), f(4)= D _roBidi= D> ? ,AB; on D(A"). Thus f(4) on
D(A") has a closure. We shall denote this closure f(4), and its domain
D(f(4)).

LEMMA 2. Let f=F, F in §(p) but not F1(p). Then for any k=n, f(4)
is the closure of its restriction to D(A*). If W, is defined by

1/7
(11) Wix = jf Ptxdt, x EX,
0

then x is in the domain of f(4) if and only if lim; f(A) Wix exists.

Proof. s~ (P*Wx— W,x)= —js~[ePtxdt+js~[{/i** Ptxdt, and as s—0
this converges to —jx+jP!ix. Thus W;x&ED(A) for all x in ¥. Also, W,x—x
for all x in X. || W;|| £ Me® is uniformly bounded, so that Wfx—u for all xE¥,
and Wrx is in D(A4%).

To prove the second statement of the lemma, let f(4)Wfx—y. Since
Wrx—x and f(4) is closed, x is in D(f(4)), f(4)x=7y. Conversely, suppose
that f(A)x=y. Then there is a sequence x, in D(4") such that x,—ux,
f(A)xn—y, by definition of f(4). For fixed j we have by (10) that f(4) Wix
= lim, f(A)Wixm = lim, Wif(4d)x, = Wif(4)x. Therefore lim; f(4)Wix
=lim; Wif(4d)x=f(4)x.

The first statement of the lemma, that f(4) is the closure of its restriction
to D(A*), follows from this, since Wjx is in D(4*). This proves Lemma 2.

LEMmMA 3. If fand g are in F(p) then (f+g)(A) is the closure of f(4)+g(A)
and (fg)(A) is the closure of f(4)g(4).

Proof. Let f=F be in §(p), g=G be in F*(p), and let k=m-+n. Let x be
in the domain D(f(4))N\D(g(4)) of f(A)+g(4). By Lemma 2, (f(4)+g(4))x
=lim; (f(4) Wyix+g(4) Wix) =lim; (f+g)(4) Wix=(f+g)(4)x, so that f(4)
+g(A)C(f+g)(4). Since the domain of f(4)+g(A4) includes D(4*), (f+g)(4)
is the closure of f(4)+g(A4) by Lemma 2.

Let x be in D(4*). Then for all y in X*, ((fg)(4)x, y)=(F*G).(P*x, ¥)
=F(G(P'*x, )) = Fs(g(A) P*x, y) = F.(P°g(A)x, y) = (f(4)g(4)x, y), so that
(fe)(A)x=f(A)g(A)x. Now let x be an arbitrary element in the domain of
f(4)g(4). Then f(4)g(A)x=1lim; f(4)g(4) Wyx=lim; (fg)(4) Wjx = (fg)(4)x,
so that f(4)g(4)C(fg)(4). By Lemma 2, (fg)(A4) is the closure of f(4)g(4).

The closure of the sum (product) of two closed operators is called the
strong sum (product). Thus Lemma 3 states that the map f—f(4) is a homo-
morphism, provided the algebraic operations on the f(4) are understood in
the strong sense. The following theorem summarizes the results of this sec-
tion.

THEOREM 1. If A is the infinitesimal gemerator of a stromngly continuous
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semigroup P, p(t) =| IP‘“, then there is a homomorphism f—f(A) from the
algebra §(p) generated by the polynomials and the Laplace transforms of meas-
ures u such that [3p(t)d I u| (t) < = to an algebra of closed, densely defined oper-
ators, the algebraic operations being understood in the sense of strong sums and
products. If f is the Laplace transform of a functional F given by (2) then D(A™)
is included in the domain of f(A), f(A) is the closure of its restriction to D(A™),
and f(A)x is given by (10) for all x in D(4™).

N.B. It should be remembered that with our definition F(\) = F,(e*") of
Laplace transform the functions in {(p) are holomorphic in some left half
plane.

COROLLARY. If A is a bounded operator or if f is the Laplace transform of a
measure pu in FO(p), then f(A) is a bounded operator.

Proof. This follows from (10).

5. Fractional differentiation and powers of \. The operation of taking the
fractional derivative of order « is a functional of the type we are considering
(see Schwartz [11]). This has Laplace transform \* so that under appropriate
restrictions on || PY| our functional calculus enables us to form A=

THEOREM 2. Let 1>Re(a)>0. If [7(p(t)/te+dt) < o then Ne&F(p). If
F(¢) = —(1/T2) [3 () —¢(0)) /t=+1)dt then FEF'(p) and F(\) = — (—N)=

Proof. If ¢ & C'(p), then integration by parts shows that

1 g'(t = ¢(t) — #(0

¢£)dt+f o(8) ¢()dt.
1

i t""“

Here we have used the facts that t~2(¢(t) —¢(0))—0 as {—0, since ¢ has a
continuous first derivative on [0, ©) and 1> Re(a), and that the last integral
on the right converges absolutely since l(;b(t)] = Cp(t). But (12) is of the form
(3) with =1, and so FEF!(p). To calculate the Laplace transform F(X)
=—(1/T(—a)) /s ((e**—1)/t=+1)dt we may make the substitution = —\¢ and
integrate by parts, yielding F(A\)= —(—\)e. Thus F(\), and hence \¢
=—(=1)"=F(\), is in F(p).

6. Square roots in Banach algebras. Let 9 be a Banach algebra with unit,
x an element of A with spectrum contained in the unit circle. If the spectrum
of x is contained in the interior of the unit circle, it is shown by means of
Cauchy’s integral that 1 —x has a square root in U (see [9]). If ||x]| <1, the
power series D n_o (—1)"Cys,.x" converges absolutely, and so 1—x has a
square root in A. By using Laplace integrals we may prove a slightly stronger
result.

1
(1) ~T(~a)F(@) = 6(1) = 6(0) + — f

THEOREM 3. If U is a Banach algebra with unit, x is in U, and

(13) sl

ot ndl2
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then 1 —x has a square root xo tn U, given by the absolutely convergent integral

1 © e—t(l—z) — 1
(14) X = — f dt
0

2.”.1/2 t3/2

Proof. Let Pty=¢=t1=2y {or all y in A. Then P! is a strongly continuous
(in fact, uniformly continuous) semigroup whose infinitesimal generator is
Ay=—(1—x)y.
o0 P’ 0 o0 xn
[P
1

312 i n—o n!

0 71
|xl

0 * '(n —1/2)

< —tm—3/2 — A —_— .
sc+ T f e = 3 ]
But I'(n—1/2)/T(n+1)~et12(n—1/2)""1 /e Y n+1)"*+12=0(n">%) by
Stirling’s formula. Thus (14) is absolutely convergent if (13) holds. By Theo-
rem 2, the operator By=ux,y is f(4) where f(\) =(—\)Y2. By the homo-
morphism property of the functional calculus (Theorem 1), B*=—4,
xiy=(1—x)y for all y in I, xg=1—x.

7. Convolution semigroups of probability measures on the half-axis. Let
&+ be the subset of (1) consisting of all functionals of the form

(15) F(¢) = f °°(<i!>(l) — $(0))dm(s) + v¢'(0)

where ¥=0 and m is a positive measure such that m(e, ©) < and [gtdm(t)
< o for all €>0. As in §5, this integral may be split into two and integration
by parts applied to the first one, so that F is in §(1). Or we may appeal to
Schwartz’ theorem [11, Chapter VI] on the representation of distributions
in D1, since F clearly belongs to this space. The integral in (15) converges
for ¢ in C'(1).

Let J+ be the set of Laplace transforms of functionals in §+. It follows
from the characterization of infinitely divisible “distributions” (i.e. probabil-
ity measures) by Lévy-Kolmogoroff-Khintchine-Feller (see Doob [4, p. 128])
that f is in §* if and only if e¥ is the Laplace transform of a probability
measure u' for each £=0. A proof of this statement is contained in a paper
by R. S. Phillips [10]. The measures u’ form a semigroup under convolution
and u!(e, ©)—0 as t—0 for all ¢>0.

Let P! be a strongly continuous semigroup on a Banach space X with
infinitesimal generator 4, such that ||PY| =1, and let

(16) Qix = fwP“xdy’(u), x € X.

Then as R. S. Phillips shows in [10], Q! is a strongly continuous semigroup
and its infinitesimal generator B satisfies
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) Bx = fw(P‘x — x)dm(f) + vAx, x & D(A).

In fact, Phillips studies a more general case where the ut need not be finite
or positive. In terms of the functional calculus, (17) may be written

(18) Bx = f(A)x, x € D(A)

where f(\) =[5 (e —1)dm(t) +\.

The observation we wish to make is that f(4) is equal to B. That is, B
is equal to the closure of its restriction to D(4). To see this, let Re(8) >0 and
let » be the measure given by v(¢) =[5 e #ut(¢)dt. Then #(\) = [y e B'at(N)dt
= [FePle’Mdt=1/(B—f(N\)). Thus (B—f(4))#(4)x=x for all x in ¥ and
#(A4)(B—f(4))x=x for x&€D(f(4)). That is, #(4)=R(f(4); B). Therefore
R(f(A); B) =[5 e FQxdt, Re(B) >0, xE¥%, and so f(4) is the infinitesimal gen-
erator of Q.

Consider the function —(—X\)= for 1>Re(a)>0. By Theorem 2, these
functions are in F+. Therefore if A is the infinitesimal generator of the
strongly continuous semigroup P, HP‘H =1, then —(—A4)<, defined as the
closure of x——(1/T'(—a)) s ((P'x—x)/t=+1)dt, x ED(A) is the infinitesimal
generator of a strongly continuous semigroup Q! related to P* by (16). The
important consequence of the identification of the infinitesimal generator of
Q! with the operator defined in this way is that the closure of (—(—A4)%)
-(—(—A4)8) is (—A)>t8 by Theorem 1. This property justifies the notation
— (—A)= for the infinitesimal generator of Q.

If X is a partially ordered Banach space and P! is order preserving, then
so is Q¢ given by (16). We shall examine this situation in more detail for the
case of transformations associated with certain Markoff processes.

8. The sample functions of subordinate Markoff processes. We shall need
a simple extension of the concept of the Cartesian product of two measure
spaces. We will develop it only for probability spaces, although the construc-
tion is valid in more general cases.

We recall that a probability space (2, 8, Pr) is a set @ with a class $ of
subsets, called measurable subsets, which is a Boolean algebra closed under
the formation of countable unions and intersections, and a positive measure
Pr such that Pr(Q)=1.

DEeFINITION. Let (2, 8, Pr) and (', 8, Pr’) be two probability spaces. By
their left product is meant the triple (X, 8-8’, Pr-Pr’) where $-8’ consists
of all subsets C of X' such that for each o' €, C*' = {w: (», ') EC} isin
8 and Pr(C«’) is a measurable function of " (i.e., for each real Borel set B,

{o': Pr(C*)EB} €S8'), and '

(19) Pr-Pr' (C) = f Pr (C*")d Pr’ (o).

Q
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We will sometimes write Q- as an abbreviation for the triple (2X/,
s$-8, Pr-Pr').

TueorREM 4. The left product of two probability spaces (2, 8, Pr) and
(&, 8, Pr’) is a probability space. If f=0 is measurable with respect to -8’
then

(20) flw,w)d Pr-Pr’ (w,w) = f (f f(w,w")d Pr (w)) d Pr’ (o).
Q-Q Q’ Q

If (XY, 8X8', PrXPr’) is the ordinary Cartesian product of the two spaces,

as in [7], then $X8' C8-8' and Pr-Pr’ is an extension of PrXPr’.

Proof. S8’ is closed under countable unions, since if C,&8-8/, (U, C.)*’
= U, C. Similarly, 8 - 8’ is closed under complementation, since (cC)®
={w: (w, w)EC} =c(C*’). Let C, be a disjoint sequence of sets in §-8'. Then

Pr-Pr(U.Co) = | Pr(U.C.)  dPr(w) = | Pr(U.C%)dPr(e)
Q Q

3 Pr(Cy )dPr(e’) = 3 f Q’Pr(C:I)dPr(w’)

QU n n

= Y, Pr-Pr'(C,),

so that Pr-Pr’ is a countably additive measure. Clearly it is positive and
Pr-Pr/(QXQ) =1.

To prove (20), note that it holds by (19) whenever f is the characteristic
function of a measurable set C in $-8’. The set of f for which (20) holds is
closed under multiplication by positive constants and the formation of count-
able sums. But for any measurable f=0 define

0
fO((—U, w,) = E X (w,0')ingf (w0 )<n+1}

n=0
and by recursion
" = -k . k=1
fk(‘*’: W) = Xl (@,0): 277 s f (@,0)~ 2, ofr (@0

Then f(w, &) = D10 fi(w, &) for all (w, '), and so (20) hold for f.

If EEs, FES$' then EXF is obviously in §-8’, so that § X8’ C8§-8’. Also,
Pr-Pr’ (EXF) is by definition Pr(E)Pr’'(F) =PrXPr'(EXF), so that Pr-Pr’
is an extension of Pr XPr’. This concludes the proof.

DEFINITION. By a Markoff process (with parameter set [0, «)) on a
measurable space X, ® we shall mean a family of X-valued measurable func-
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tions £, 0=t< o, on a probability space (2, 8, Pr) (i.e., for each FE®,
{w: £(w)EF} €S) such that whenever H< - - - <t,<t

(21) Pr{&, € Fl&y, -+, &)@ = Pr{t, € F|&,} (o) ae.

The notation in (21) for conditional probabilities is that of [4]. By a (sta-
tionary stochastic) transition function on X, we shall mean a function p*(x, F)
defined for 0=5t< «, xEX, FE® such that for each ¢ and x, pi(x, -) is a
probability measure on X, for each F, p!(x, F) is a measurable function of
(¢, x), and such that

(22) b0 B) = [ 90, Bp(a, )

for all ¢, s, x, F; where p*(x, dy) denotes the differential dp*(x, -)(y) of the
measure p*(x, -). By a measurable function of (¢, x) we mean a function on
[0, ©)XX which is measurable with respect to the o-ring & X ®, where ®
consists of the Borel sets on [0, ). We shall say that the Markoff process
¢, has p!(x, F) as its transition function in case for all FE®,

(23) Pr{t € F| &} (@) = pt*(k(w), F) ae., s<t.
We shall call the probability measure » on X the initial measure in case
(24) Pr ({w:&(w) € F}) = v(F).

Let the !, 0=¢< =, be a convolution semigroup of probability measures
on [0, ©), as in §7. Let
(25) r'(x, B) = u'({y:x + y € B}).
Then 7¢(x, B) is a transition function on [0, ). It follows from Kolmogoroff's
theorem (see [4]) that there is a probability space (€, 8/, Pr’) and a Markoft
process 7; of [0, «)-valued measurable functions on @' such that 7, has

r'(x, B) as its transition function and the measure §, 8(B)=x5(0), as its
initial measure.

THEOREM 5. Let the &, 0=t < «, defined on the probability space (R, S, Pr)
be a Markoff process on the measurable space X, ® with transition function
pi(x, F) and initial measure v. Let ut, (2, 8, Pr'), 1, 6 be as in the above para-
graph. Then the X-valued functions

(26) ni(w, o) = &, (@), 0St<

defined on the left product space (QX, 8-8', Pr-Pr’) are a Markoff process
with initial measure v and transition function

@ ¢ B) = [ P,
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Proof. For each ¢, 7. is a measurable function with respect to §-8". For
if Fisin ® and C = {(w, ®): ni(w, W) E F} then for each o'/, C¢’
= {w: S,‘(w’)(w)EF} is in 8. Now ¢(u) = [p*(x, F)dv(x) is a Borel-measurable
function of u since p*(x, F) is a measurable function of (#, x) with respect to
the o-ring generated by products of Borel setsin [0, ) and sets in ®. Hence
the composite function Pr(C¢’) =¢(r.(w’)) is a measurable function of «’,
and so 7, is “left measurable”; i.e., measurable with respect to §-8’.

Let us remark that if £=s then

(28) r(w’) = 1.(w’) a.e.
since rt=(x, [0, x))=0. Let #< - -+ <t,<t. Define 1.(w, ')=7.(w),
O0=Su< =,
Now if Fis in ®, the conditional expectation
(29) PI"PI', {nl E Fl| Mepy = ° 0 s Mty Tty ° 7 7 Tln} (O), wl)

is equal a.e. to the conditional expectation on €':

E{Pr{n(-, ) € Flnu(-, &) -+ i, )@ | 7oy -0y 7} (@)

by (20), =E{Pr{n(-, & )EF|n, (-, &)} @) |7e, -+, 70,} (') a.e. by (28),
the definition (26) of 7., and the Markoff property (21) of the &'s. This in
turn is equal a.e. by (23) to

Efpre@n=ra@) (n, (0, '), F) | 10y -+, 70,} (@)

which is equal a.e. to
(30) f p @ (e, (w, ), F)rtT (g, (o), du) .
0

Here we have used the fact that for a Markoff process 7, with transition
function 7!, if f is a measurable function and # < - - <, <t then
E{f@a)| 7, -+ 70n} (@) = [f(u)rt=t(r,, ("), du) a.e. This follows from (23)
applied to the 7, process. In this case f(u) = p* 7t (4., (w, '), F). Now (30)
may be written as [5°p*(n¢, (w, @), F)du'=*(v) =g (., (w, '), F) by (25) and
(27). That is,

PI"PI/{nz S Fl Mey © ° " My Tty " % Ttn} (w) wl) = qt_’"(m,.(w, “’/)7 F)

a.e. Since the right hand side is measurable with respect to the subring gen-
erated by 7., alone we have a fortiori that Pr-Pr’ {mE F| Mgy * s mn} (w,w")
=qt=tn(n,,(w, '), F) a.e. so that by definition (23) the 7, are a Markoff proc-
ess with transition function ¢! Finally, Pr~Pr'({ (0, &):no(w, &)EF})
=Pr Pr'({(w, '): £&(w) EFY}) since 7o(w’) =0 for a.e. o (the 7, process has
initial measure 8). But Pr-Pr/({ (w, &) : £&(w) EF}) =v(F), so that the Markoff
process 7, has initial measure ». This concludes the proof of the theorem.
As an example, consider the operator 4 =d?/dx?. Taken on the proper
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domain in ¥=L?P(R), 1=p< o, or X=C(R), (where R=(— ©, »)) this is
the infinitesimal generator of the strongly continuous semigroup

© 1
¢ — — (z—v) % /4¢
) PY) = [ ey
Then pt(x, F) =P'xr(x) is a transition function. Let £, 0=<{< , defined on
(2, 8, Pr) be a Markoff process with this transition function. It is shown in
[4] that the £ can be chosen so that for all w in ©, £,(w) is a continuous func-
tion of ¢ This is called the Brownian motion or Wiener process. By Theorem 2
and the discussion of §7, —(d?/dx?)<, for 0 <a <1, is the infinitesimal gener-
ator of a semigroup Q' = [;° P*du!(u) for some convolution semigroup of proba-
bility measures u* on [0, «). The function g‘(x, F)=Qr(x) is again a
transition function with an associated Markoff process. These facts were dis-
covered by S. Bochner [2]. Our results show that this is not a property
peculiar to Brownian motion or the real line. Furthermore, if the 7, are the
random variables of a Markoff process associated with the u!, then by Theo-
rem 5 the &, are the random variables of a Markoff process with transition
functions ¢‘(x, F). That is, if we do not look at the sample functions &,(w)
of Brownian motion for all values of ¢ but only at certain stochastically
determined values 7,(w’) of the time parameter, we obtain the sample func-
tions of the new process.
For a=1/2 we obtain the transition function
(32) cen = L g
\ ’ Pt (=g
This may be verified by looking at the Fourier transforms of the two func-
tions involved; cf. [6]. By Theorem 5, there is a Markoff process 7; on [0, )
such that the Cauchy process with transition function (32) has sample func-
tions £,,, where the £, are the Wiener process. The fact that the Cauchy dis-
tribution in (32) and the Poisson kernel for Dirichlet’s problem in a half plane
are identical leads to an interesting interpretation of the 7,. They are the first
passage times of the Wiener process.

THEOREM 6. Let &, on (2, 8, Pr) and &/ on (', 8/, Pr'), 05t < =, both be
Wiener processes with initial measure 8 (mass 1 concentrated at 0). Let the
&/ (@) be such that for all o', &/ (') is a continuous function of t (as in [4]).
Let

(33) (o) = inf {s:£(’) = 1}.
Then the &y (w) on (XY, 8-8’, Pr-Pr’) are the Cauchy process with transi-
tion function (32).
Proof. Let
(34) p'(B) = Pr' ({o':7,(o") € B})
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for all Borel sets B in [0, ). Then each u!is a probability measure on [0, =).
That they constitute a convolution semigroup follows immediately from the
fact that Pr'({w’: 7(w') +7.(0') EB}) =Pr'({w': 741,(w’) EB}). By Theorem
5, the &,y (w) on Q- are a Markoff process with some transition function ¢*.

Let f be a bounded continuous function on R. Then f(& ) (w)) is the
value of f(£.(w)) for the least value of u for which £/ (w’) =¢. Therefore by a
theorem of Doob [5, Theorem 6.2], E{f(E,Hh)IE;.} (w) is a harmonic function
of (¢, &(w)) and is given by convolution with the Poisson kernel. That is,

© ) 1
T g Enlw), dy) = E1f(€-) | §ng(w) =f ) — dya.e.
/. e sl = [ 00 s
Since this holds for all bounded continuous functions f and since & (w)
may take a.e. value of x, it follows that ¢'(x, F) is given by (32) for a.e. x,
and the theorem follows.

COROLLARY. If the £, defined on (Q, 8, Pr) are an arbitrary Markoff process
on X with transition function p*(x, F), if the £/ defined on (¥, §8’, Pr’) are the
Wiener process and 7, is defined by (33), then the &, (w) on Q- are the sample
Sfunctions of a Markoff process on X with transition function

¢ ) = [ 4, P

where ut is defined by (34). If on some Banach space X of functions, Pif(x)
= [f(y)p'(x, dy) constitutes a strongly continuous semigroup with infinitesimal
generator A then Q'f(x) = [f(y)q'(x, dy) is a strongly continuous semigroup with
infinitesimal generator —(—A)'2, and

(35) — (= A2 = ! fw PT =1 41 tor all f € D(4)
2(m)2 1312 :

Proof. The first statement follows from Theorem 5 as in the first para-
graph of the proof of Theorem 6. The second statement holds for the case
that &, is the Wiener process, by Theorem 5 (the formula (35) holds by Theo-
fem (2)). By the discussion in §7, this means that g'(\) =e~ " for a=1/2
and so (35) holds in the general case.

Let us restate Theorem 6 more informally. We have two independent
Brownian motions £ and £’. For all ¢, we wait until the & particle first reaches
¢t and simultaneously observe the £ particle. Then the £ particle appears to
move according to the Cauchy law.
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